The SPLASH experiment has been designed in 1985 by the CEA to simulate thermal fatigue due to cooling shocks on steel specimens and is similar to the device reported by Marsh in Ref.
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I N T R O D U C T I O N
In Part I of this paper, we discussed the complete mechanical analysis of the SPLASH experiment and presented a first lifetime estimation with a modified dissipated energy with a pressure term fatigue criterion.
Correspondence: A. Constantinescu. E-mail: andrei.constantinescu@lms. polytechnique. fr We recall that the experiment is a thermal shock fatigue test. The sample is heated during the complete thermal cycle (7.75 s) by Joule effect and is cyclically cooled down during a very short period (0.25 s) by a water spray on a small area on two opposite faces. This leads to high gradients in the specimen and as a consequence a complete structural analysis is needed in order to estimate the values of the thermomechanical fields. The test is characterized by the temperature difference T between the maximal and the minimal temperature in the center of the quenched zone during the cycle. The mechanical analysis presented in Part I 2 considered the cyclic temperature field as the loading of the test. It further assumed that the elastoplastic constitutive law is uncoupled from the damage evolution in the material. Moreover, we supposed that the test has a stabilized plastic shakedown cycle and that the constitutive law of the material has been identified at half-life time in a cyclic strain-controlled uniaxial test. The constitutive model is elastoplastic with a nonlinear kinematic hardening law. The finite element computations presented a stabilized cyclic response of the mechanical fields after a few number of cycles. The response showed to be multiaxial in the stress space and provided an important evolution of the triaxiality. Interpreting the results with a fatigue criterion defined as the sum of the dissipated energy density and maximal hydrostatic pressure per cycle, we have obtained a good prediction of the lifetime. The purpose of this paper (Part II) is to extend further the fatigue analysis of the experiment by discussing a larger choice of fatigue criteria and by comparing the results from the SPLASH experiments with other uniaxial and multiaxial tests from literature, providing as such a deeper understanding on the fatigue characteristics of the thermal shock.
This paper presents in the second section a survey of fatigue experiments and criteria from literature in the multiaxial context for 304L stainless steel. The next section introduces the fatigue criteria and we discuss the definition of the number of cycles to failure. The fatigue analysis using different criteria is finally discussed in the final fourth section.
T H E F AT I G U E E X P E R I M E N T S
The aim of this part of the paper is to compare the lifetime predictions on the SPLASH experiment with respect to several fatigue criteria and with fatigue results from other experiments. The SPLASH experiment itself has been conducted for only three different temperature differences T. For comparison, we disposed only of a series of LCF isothermal strain-controlled uniaxial tests at 165
• C and 320
• C in Ref. [3] . These results have been completed with existing results from literature for multiaxial experiments on 304L stainless steel, which will be shortly presented in the sequel. We recall that the fatigue criterion can be classically defined as a local relation between a criterion function and the number of cycles to failure of the structure:
where a, b are two material parameters and , p , σ are the computed values of the mechanical fields during the stabilized cycle. Weick and Aktaa 4 analyzed a series of isothermal biaxial strain-controlled tests conducted on tubular samples. They studied different non-proportional loading paths and proposed to modify the Manson-Coffin criterion to take into account the multiaxiality of the loading path as follows:
The term f m depends on the multiaxiality state of stresses and is defined as:
P multiaxial is the hydrostatic pressure variation obtained on the multiaxial test studied and P uniaxial is the hydrostatic pressure variation obtained on an equivalent uniaxial test, where the equivalence is defined in terms of loading range.
Zouani et al. 5 developed an isothermal biaxial stresscontrolled experiment conducted on a particular circular sample. They proposed a fatigue parameter of the following form:
where · 1 and · 1,m denote the range and respectively the mean value of the maximal principal stress and strain. ρ and λ are biaxiality stress and strain ratios, respectively. The functions f 1 and f 2 are inspired from concepts suggested by Morrow 6 in order to take into account the effects of mean stress and strain as:
The biaxiality function f 3 is based on the crack opening displacement (COD) equivalent stress and strain approach proposed by Sakane et al. 7 It is important to notice that f 3 must be identified for each type of experiment by numerical simulations.
Yamauchi et al. 8 studied biaxial thermal tests on tubular samples submitted to thermal gradient along radius of specimen and axial mechanical loadings. They proposed to introduce a triaxiality ratio TF in the Manson-Coffin fatigue parameter:
where MF = TF if TF ≥ 1 and TF is defined as:
P, the hydrostatic pressure and σ eq , the norm of the deviatoric part of the stress tensor are defined as:
Socie and Fatemi proposed in Refs [9, 10] a critical plane approach with the following fatigue criterion:
γ max is the maximum shear strain acting on the critical plane of normal n and σ n,max is the maximal normal stress to this critical plane. σ y is the classical yield limit and k a material parameter. They applied this fatigue criterion on a series of isothermal tests conducted by Itoh et al. 11 on tubular specimens submitted to various proportional and non-proportional tension-torsion loading paths.
As a general conclusion on this studies, we can state that the different criterion functions match in each case the experimental results with which they have been presented. However, it is not always obvious how to generalize the criteria as the type of multiaxiality of the stresses varies. Therefore, we shall use another class of criteria during this work as presented in section 'Results and discussion'. Another drawback is that in most cases, the experimental information provided in the papers is not rich enough to reinterpret it using a different criterion. An exception is the paper from Itoh et al. 11 where the given data permitted to simulate numerically their experiments and to complete as such the missing information in order to apply other criteria. Therefore, the tests in Ref. [11] will provide a comparison case for our study.
For the analysis of these tests, we have only modified slightly the parameters of the constitutive law used to compute the SPLASH experiment in Part I, in order to assure that the stress ranges reported in the uniaxial experiments are well represented. The 10 tension-torsion tests providing different multiaxial loading paths presented in the paper 11 have been completely simulated using a finite element model. Without reporting all the computed values, let us simply remark that the error of the computed stress ranges when compared with the experimental ones were about 10% when the stress path was proportional and 30% in the other cases. These errors could probably be eliminated with a complex constitutive law taking nonproportional path loads and overstress into account. 12, 13 However, this would have been in contradiction with the initial assumptions of our analysis of the SPLASH experiment (see the following section and Part I of the paper) and has not been done insofar.
T H E F AT I G U E C R I T E R I A
In the first part of the paper (Part I), we have provided a method to predict the lifetime in the SPLASH experiment based on a complete analysis of the experiment in three steps:
r computation of the evolution of the temperature field; r computation of the stabilized cycle, corresponding to the plastic shakedown state (with the preceding temperature field as the loading parameter); r lifetime prediction through a fatigue criterion, based on the characteristics of the stabilized cycle.
The assumptions of the method are: (i) a thermomechanical uncoupling, (ii) a stabilized cyclic behaviour (i.e. the mechanical fields are at plastic shakedown as displayed on Fig. 1 ) and (iii) the fatigue analysis is provided on the computed mechanical fields on the stabilized cycle, i.e where a plastic shakedown state has been reached. We mentioned in section 'The fatigue experiments' that the fatigue criterion is classically defined as a local relation between a criterion function and the number of cycles to failure of the structure N f (Eq. 1). In classical fatigue criteria (see Table 1 ), the parameters proposed in In the sequel, we shall review some classical fatigue criteria and some recent modifications in order to encompass uniaxial isothermal LCF experiments in Ref. [3] , experiments from Itoh et al. in Ref. [11] and the SPLASH experiment.
The fatigue criteria discussed here should be understood as crack initiation criteria. Therefore, it is important to specify the type cracks observed on SPLASH and on isothermal tests, as well as the understanding of the number of cycles to failure N f in each case.
For the SPLASH test, N f corresponds to the initiation of a surface crack with a length of 100 μm [21] . For uniaxial and multiaxial tests in Refs [3] and [11] , N f corresponds to the failure of the specimen. If we denote in this case by N i the number of cycles to the initiation of a 100 μm crack, we can use the formula proposed by Levaillant in Ref. [22] for 304 stainless steel, to estimate the difference:
In the cases of the uniaxial tests in Ref. [3] and of the experiments from Itoh et al. [11] we can report here that the difference between N i and N f is:
Up to the preceding error we can therefore accept that for all experiments N f represents the initiation of a crack with a length of 100 μm.
It is important to notice that in the case of SPLASH, the crack initiation is closely followed by the initiation of a complete crack network. Therefore, the study presented here should be further continued with a complete survey of the evolution of the crack network with evolving cycles. The experimental observations for the SPLASH experiment have been reported in Ref. [23] and should be related to the study of a similar experiment which has been recently published by Kereszi and Price. 24, 25 They presented results on the evolution of the crack network after its initiation. Moreover, they showed the influence of several factors including geometry, severity of thermal shocks, the applied mechanical loads and the environment, on the nature of crack growth which should be of relevance to provide a guideline for design of structures submitted to repeated thermal shocks.
R E S U LT S A N D D I S C U S S I O N
In this section, we present results obtained with four different fatigue criteria. For the SPLASH experiment, we have obtained the stabilized mechanical cycle by complete elastoplastic finite element computations described in the first part of the paper (Part I) 2 . The uniaxial isothermal LCF tests in Ref. [3] have been analyzed directly from experimental data. The experiments from Itoh et al. [11] have been simulated using a finite element model as explained previously in section 'The fatigue experiments'. On the different plots presented in the sequel, we have reported for all experiments the experimental number of cycles on the x-axis and the value of the fatigue parameter on the y-axis. The black straight line is the best fit line obtained from all points of the plot and the two dashed lines are the N f ± N f 2 lines. For a good match of the criterion with the experimental data, we would expect that all points lie within the two dashed lines.
Manson fatigue parameter
The Manson-Coffin 13 fatigue criterion is based on the plastic strain amplitude as a damage parameter. The fatigue results from the reported experiments using this fatigue measure are displayed in Fig. 2 . We recall that the initial definition for the Manson-Coffin parameter is uniaxial and that the extension to multiaxial strain paths has been made using the following definition of the strain range:
where t 1 , t 2 represent different time instants of the stabilized cycle. This definition corresponds to a 'Von Mises' norm of the strain. The distribution of points representing uniaxial tests is linear both in the experiments reported in Refs [11] and [3] . The difference could be explained by the systematic errors done in the approximate identification of constitutive law (as previously reported) for the experiments by Itoh et al. 11 It is important to notice that in the published results, only fatigue curves in terms of total strain or ASME equivalent strain have been reported. The distribution of points for multiaxial tests is not very well represented by the best fit line. We remark on the one hand side a large dispersion in lifetime for the multiaxial experiments by Itoh et al. 11 and on the other hand side that the SPLASH experiments have a very short lifetime when compared to the levels of plastic strain within.
It is obvious that the previous definition measures only the amplitude of the strain path and does not contain any information about the mean strain or the position of the path in the strain space. We shall, therefore, try to capture these features using a series of different parameters containing information about the mean values and/or triaxiality.
Dissipated energy density fatigue parameter
The next tested idea was to eliminate the difficulties in defining an intrinsic strain range by using the dissipated energy density per cycle, defined as:
This definition is easily computed for every load path whether uniaxial or multiaxial and has been successfully applied in series of lifetime prediction on cast iron 19, 26 and aluminum structures. 27 The distribution of data points is satisfactory, except for the points representing the SPLASH test, as shown in Fig. 3 . This could be explained by the variation of the triaxiality ratio TF defined in Eq. 5 during the stabilized cycle. A close inspection of the differences of the different experiments shows that the triaxiality factor TF for the SPLASH experiment varies ≈2.25 times, starting at −0.75 and attaining 1.5, while the variation of the same factor is only of ≈ 0.66 for the experiments in Ref. [11] and for uniaxial experiments in Ref. [3] . Moreover, the period on which the triaxiality factor TF in SPLASH is large is very short (≈0.25 s). This would also suggest that the fatigue parameter should be corrected with an instantaneous or maximal information of the triaxiality during the experiment. For a better understanding of the triaxiality factor and the mean stress in uniaxial and multiaxial experiments and their impact of fatigue, some simple computations for this loading case are presented in the Appendix A.
Let us also recall that the dissipated energy takes into account only for deviatoric part of stress tensor and thus does not contain any information on the spherical part, i.e. the hydrostatic pressure.
Park and Nelson fatigue parameter
A modification of the dissipated energy, which takes into account the triaxiality factor, has recently been proposed by Park and Nelson. 20 In order to introduce their fatigue parameter, let us first introduce a series of definitions. The elastic distortion energy and the plastic work, i.e dissipated energy, are defined by:
where x + is the positive part of x and gives x if x ≥ 0 and 0 if x < 0. The next definition considers an amplitude of the deviatoric stress path defined as:
And the classical definitions of the amplitude of hydrostatic pressure P a and mean hydrostatic pressure P m are, respectively:
The triaxiality of the stress path will participate through two factors defined in terms of the amplitude of hydrostatic pressure P a and mean hydrostatic pressure, P m , respectively:
We remark that the factor 3 in both terms which does not change the significance of the terms but will only introduce a shift in the different parameters of the fatigue law.
The elastic distortion energy and the plastic work defined previously are now corrected by a term depending on the triaxiality factors:
k2TFm W e (17)
where k 1 and k 2 are material parameters. k 1 is determined from two sets of test data with different stress states and k 2 may be determined from fully-reversed (TF m = 0) and zero-to-maximum (TF m = 1) uniaxial fatigue data. For the present analysis, the coefficients k 1 and k 2 have been taken equal to 1.0 and 1.18, respectively. Finally, the fatigue parameter defined in Park and Nelson 20 is defined as:
As defined the fatigue parameter is taking into account the triaxiality in two terms: first associating the mean value of hydrostatic pressure to elastic energy and the second associating the range of hydrostatic pressure to the dissipated energy. For further justifications of this choice, please refer to Ref. [20] . Let us, however, remark that the modified dissipated energy term W * p will increase if the hydrostatic pressure range is larger than the equivalent deviatoric stress range. Similarly, the elastic distortion energy W * e will increase if the hydrostatic pressure mean value is positive. When using this fatigue parameter we remark that uniaxial experiments in Ref. [3] and multiaxial experiments by Itoh et al. in Ref. [11] show a slightly larger dispersion than for the dissipated energy. However, the SPLASH experiments are definitely close to the medium line when compared to previous results (Fig. 4) .
This shows the crucial importance of the triaxiality factor in interpreting the experiments. The drawback of this proposal stems from the difficult mechanical justification of the influence of triaxiality in a general context and the cumbersome computations to obtain the fatigue parameter and to determine the constants k 1 , k 2 . 
Dissipated energy density and maximal pressure fatigue parameter
In order to correct the difficulties mentioned above, let us now propose a different method for taking into account of the triaxiality during the experiment based on the dissipated energy and the maximum value of hydrostatic pressure during the stabilized cycle. The proposed fatigue parameter is then defined as:
where α is a material constant and W p and P max are the dissipated energy density per cycle and the maximal hydrostatic pressure per cycle, respectively, defined as:
The form of this fatigue parameter is close to the fatigue parameters of the Sines, Crossland or Dang Van criteria used in the high cycle fatigue regime, 28 where the fatigue parameter is splited additively between a norm of the deviatoric and the spherical part of stresses. A classical example is J 2 and respectively P m , P max .
In order to understand the evolution of the spherical and deviatoric part of stresses during the cycle, we have displayed in Fig. 5 the evolution of J 2 versus P for the experiments studied in this paper. We can remark that both uniaxial experiments from CEA 3 and experiments from Itoh et al. 11 have a comparable loading path in terms of maximum, minimum and mean values of hydrostatic pressure. The SPLASH test presents a different loading path with a higher value of the maximum hydrostatic pressure. This justifies the introduction of the maximum hydrostatic pressure in the fatigue damage parameter. (Fig. 4) . However, we can remark that the SPLASH experiments are better estimated, as the data points lie between the ±2 lifetimes of the medium line.
As a consequence, we can state that the correction of the fatigue parameter by an instantaneous or maximal information of the triaxiality during the experiment as suggested from Fig. 5 improved the results and facilitates the computation and the interpretation of the fatigue criterion.
C O N C L U S I O N
This paper presented a fatigue analysis for the SPLASH thermal shock experiment. The fatigue analysis is based on the mechanical fields obtained at the plastic shakedown cycle from thermomechanical finite element computations presented in the first part of the paper (Part I) 2 .
The results from SPLASH have been compared through several fatigue criteria with other uniaxial and multiaxial tests from literature. It has been shown that the multiaxiality of the mechanical response for the SPLASH experiment has to be taken into account in a predictive fatigue criterion. The multiaxiality has been introduced through the triaxiality factor in the Park & Nelson criterion and in terms of the maximum hydrostatic pressure in the modified dissipated energy criterion proposed in this work. The lifetime predictions using these two criteria match the fatigue results from the SPLASH experiment and the uniaxial and the multiaxial tests from literature. As such the proposed approach, combining a FEM computation with a criterion taking triaxiality into account, provides a robust fatigue analysis of the thermal shock experiment.
A A P P E N D I X : D I S C U S S I O N O N T H E T R I A X I A L I T Y F A C T O R ; S I M P L E E X A M P L E S
In order to facilitate the understanding of the triaxiality factor as defined in this work, we propose in the sequel some examples on simple stress states.
Uniaxial case
Let us consider an uniaxial tension-compression experiment with the stress tensor: We easily obtain the triaxiality factor defined in Eq. 5 as:
TF is constant during the tension and the compression phase.
Biaxial case
We consider here the case illustrated in Figure A 
